Given a closed submanifold, or a compact regular domain, in euclidean space, we consider the Riesz energy defined as the double integral of some power of the distance between pairs of points. When this integral diverges, we compare two different regularization techniques (Hadamard's finite part and analytic continuation), and show that they give essentially the same result. We prove that some of these energies are invariant under Möbius transformations, thus giving a generalization to higher dimensions of the Möbius energy of knots.
Introduction
Let M ⊂ R n be either a smooth compact submanifold, or a compact regular domain with smooth boundary. We are interested in the Riesz z-energy
where dx, dy denote the volume element of M . This integral is well-defined if z > − dim M and diverges otherwise. In the latter case we apply two techniques from the theory of generalized functions to regularize the divergent integral: Hadamard's finite part and analytic continuation.
After showing that these two procedures give essentially the same result, we study the properties of the energies thus obtained. In particular, we show that E M (−2m) is Möbius invariant if M is a closed submanifold of odd dimension m, and also if M is a regular domain in an even dimensional Euclidean space R m .
To put our results in perspective let us review some background. The first author introduced the energy of a knot K in [O1] , with the aim to produce a canonical representative (the energy minimizer) in each knot type. This energy is given by
where ∆ ε = {(x, y) ∈ R n × R n : |x − y| ≤ ε}.
(1.3)
This can be viewed as Hadamard's finite part of the divergent integral K×K |x − y| −2 dxdy. Indeed, Hadamard's regularization can be carried out as follows. First one restricts the integration to the complement of some ε-neighborhood of the set where the integrand blows up. Then one expands the result in a Laurent series in ε and finally takes the constant term in the series as the finite part of the integral. Another approach to E(K) was used by Brylinski [B] who defined the beta function B K (z) of a knot K by means of a different regularization method. First, given a knot (closed curve) K ⊂ R 3 , he considered the complex function
which is holomorphic on the domain ℜe z > −1. He then extended this function analytically to a meromorphic function on the whole complex plane with simple poles at z = −1, −3, −5, . . . . Finally, Brylinski showed that B K (−2) = E(K).
It turns out that E(K) is invariant under Möbius transformations of space (cf. [FHW] ), and it is thus often called Möbius energy. Such a nice property makes it natural to look for similar functionals on higher dimensional submanifolds with the same invariance. For closed surfaces M in R 3 , Auckly and Sadun ( [AS] ) defined the following functional 5) where κ 1 and κ 2 are principal curvatures of M at x, and χ(M ) is the Euler characteristic. The right hand side of (1.4) is Hadamard's finite part of M ×M |x − y| −4 dxdy. The additional term (π/16) M (κ 1 − κ 2 ) 2 log(κ 1 − κ 2 ) 2 dx was added to make the resulting energy Möbius invariant, but it is not the only possible choice for this purpose, as was pointed out in [AS] . On the other hand, Fuller and Vemuri ([FV] ) generalized Brylinski's beta function to closed surfaces and closed submanifolds of Euclidean space in general. For a closed surface M , they extended the domain of B M (z) = M |x−y| z dxdy by analytic continuation to get a meromorphic function on the whole complex plane with simple poles at z = −2, −4, −6, . . . . They showed moreover that the residues of these poles are expressible as integrals of contractions of the second fundamental form of M . As for Möbius invariance, while the integrand |y − x| z dxdy is a Möbius invariant 2m-form for z = −2m, it was unclear whether the regularized integral B M (−2m) would be invariant under Möbius transformations.
In this paper we begin by showing that Hadamard's finite part of the Riesz energy E M (z) coincides with the meromorphic function B M (z) where this function is defined. At the poles, Hadamard's finite part exists and equals the beta function B M (z) with the pole removed (see (3.12) ). This extends Brylinski's result to any exponent z and to general dimensions. We also give a simple alternative description of the residues of B M (z) in terms of the volumes of extrinsic spheres of M .
Finally, we show that when m = dim M is odd, the energy E M (−2m) = B M (−2m) is invariant under Möbius transformations of space. This gives the desired generalization of the Möbius energy in the case of odd dimensional submanifolds. For even dimensional submanifolds, we conjecture that none of the energies E M (z) is Möbius invariant. We prove this conjecture in the case of surfaces.
The works mentioned so far deal with closed submanifolds, but it makes sense to consider (1.1) also in the case where M is a compact submanifold with boundary. In particular, we are interested in the case where M = Ω is a compact domain with smooth boundary. For convex domains, the Riesz energy has been considered in [HR] in connection with the statistics of electromagnetic wave propagation inside a domain. Besides, the Riesz energy is closely related to the so-called fractional perimeter of the domain (cf. e.g. [CRS, L] ).
In the last part of the paper, we use the techniques mentioned before to regularize the Riesz energy of a smooth regular domain Ω ⊂ R n . In particular we obtain a meromporphic function B Ω (z) which at the same time is an analyitic continuation of the Riesz energy and of the fractional perimeter (except for a sign). We compute some residues of B Ω (z) and give some explicit expressions for small dimensions. Finally, we prove that B Ω (−2n) is invariant under Möbius transformations if (and only if) the dimension n is even. This generalizes the results obtained by the authors in the planar case (cf. [OS] 
Regularization of divergent integrals
Let us recall two techniques in the theory of generalized functions (or distributions) that are used in the regularization of divergent integrals. The reader is refered to [S, GS] for more details.
Consider the integral
where d is a positive constant. It converges for ℜe z > −1.
(i) For a small positive number ε we have
Hadamard's finite part of (2.1) is defined for every z ∈ C as Pf.
(ii) Consider the complex function
which is well defined and holomorphic on {z ∈ C : ℜe z > −1}. It extends by analytic continuation to the meromorphic function f (z) = d z+1 /(z + 1) on the whole complex plane with a simple pole at z = −1 with residue Res(f, −1) = 1.
The relation between these two methods is given by
More generally, let ϕ(t) be a smooth function, and consider
where
i! t i is the (k − 1)-th degree Taylor polynomial of ϕ(t) around t = 0, and h z (t) is an integrable function (on [0, d]) . By setting that the finite part of a convergent integral equals the integral itself, and by linearity, we arrive at the following definition of Hadamard's finite part (cf. [S, (II, 2; 26) 
If z is a negative integer then ε 0 /0 appears above and is to be replaced by log ε.
On the other hand, by (2.4) and since d 0 h z (t)dt is holomorphic on z, the integral F (z) can be analytically continued to a meromorphic function on the complex plane. This function, which we denote again by F (z), has (possible) poles at negative integers. The corresponding residues are
The relation between these two regularizations is the following. When z is not a negative integer, by (2.5) and (2.2),
For k ∈ N, by (2.2), (2.3), and (2.5),
Pf.
Note that a log term appears in (2.6) exactly when F (z) has a pole in z.
For each z ∈ C, the functional ϕ → Pf.
with respect to the C ∞ topology. In fact, we will need the following stronger fact.
Lemma 2.1 Let k ∈ N be fixed and consider, for z not a negative integer, the linear functional
Let also
There exist n ∈ N and C > 0, such that, if |z
endowed with the family of semi-norms
Hence, by the uniform boundedness principle in Fréchet spaces (cf. e.g. Chapter 2 of [M] ), there exist n, C such that
Finally, given a continuous compactly supported function ϕ ∈ C c (R) which is smooth in some interval [0, d] , one defines Pf.
In particular, the integral ∞ 0 t z ϕ(t)dt, which converges for ℜe z > −1, can be extended to a meromorphic function.
Riesz energies of closed submanifolds
Let M be a closed (i.e. compact without boundary) submanifold of dimension m in R n . We are interested in the following integral
which is absolutely convergent for ℜe z > −m. It was shown, first by Brylinski in the case m = 1, and then by Fuller and Vemuri for general m, that (3.1) can be extended by analytic continuation to a meromorphic function B M (z) on the complex plane, called the beta function of M , with possible poles at z = −m − 2j where j ∈ Z, j ≥ 0. It was shown that the residues of these poles are expressible as integrals of complete contractions of the second fundamental form of M . Here we provide an alternative, somewhat more concrete, interpretation of these residues. Furthermore, we compare the analytic continuation B M (z) with the following alternative regularization of (3.1), based on Hadamard's finite part regularization. When the integral (3.1) diverges, one can expand
in a Laurent series (possibly with a log term) of ε. The constant term in the series will be called Hadamard's finite part of (1.1). In case M = K is a knot, the first author used this method to introduce the so-called energy of a knot (or Möbius energy) E(K) (see (1.2) or [O1] ). It was shown by Brylinski that E(K) = B K (−2). Here we show similar relations for the other values of the beta function, not only in the case of knots, but also for submanifolds of any dimension. Furthermore, we show that, for odd dimensional submanifolds, taking z = −2m gives an energy that is invariant under Möbius transformations. This generalizes the fact that the energy of knots E(K) is Möbius invariant (cf. [FHW] ).
Analytic continuation
Our approach to Riesz energies depends on a careful analysis of the following functions. Define
The sets M ∩ B t (x) are usually called extrinsic balls (cf. e.g. [KP] ).
(ii) More generally, given a smooth function ρ on M × M , the same conclusion as above holds for
is a sequence of smooth functions with derivatives of all orders converging uniformly to 0, then ψ ρ i ,x and its derivatives also converge uniformly to 0.
Proof. (i) It is clear that ψ M,x (t) is smooth at any t = 0 such that ∂B t (x) is transverse to M . Since M is compact, there is some d > 0 such that ∂B t (x) is transverse to M for every x ∈ M and any t ∈ (0, d). Given x ∈ M , take ϕ(t) = ψ M,x (t) for t ≥ 0, and ϕ(t) = (−1) m ψ M,x (−t) for t < 0. We need to show that ϕ(t) is smooth at t = 0.
Let φ : R m → M be a coordinate chart with φ(0) = x, and let π k : S k−1 × R → R k be given by π k (u, r) = r · u. There exists a smooth map φ :
[AK]). For each u ∈ S m−1 let g u : R → R be the second coordinate of φ(u, ·). Since g ′ u (0) = 0, the function g u has a smooth inverse in a neighborhood of r = 0. Now, for small t ≥ 0 one has
The right hand side defines a smooth function of t in a neighborhood of t = 0, and it coincides with ϕ(t) = (−1) m ψ M,x (−t) for small negative t, since g −u (−t) = −g u (t). Therefore ϕ(t) is smooth at t = 0 and hence on (−d, d).
(ii) The same arguments as in the previous case give
Hence, the previous proof applies to ψ ρ,x (t) as well. The last part of the statement follows by uniform convergence. ✷ Notice that, by the previous proof, for ψ ρ,x (t) to be smooth around t = 0 it is in fact enough that ρ(x, y)|y − x| m−1 be smooth.
In the following we denote by b M,k (x) the coefficients of the Taylor series of ψ M,x (t) around t = 0; i.e.
For small k, the coefficients b M,k (x) were given in [KP] . For instance, if M is a knot (closed curve) in R n , then
where κ is the curvature of M at x. If M is a closed surface in R 3 , then
where κ 1 , κ 2 denote the principal curvatures of M at x.
More generally, if ρ is a smooth function on M × M , and ℜe z > −m, then
Proof. By the coarea formula applied to the function u(y) = |y − x| defined on M we have 
Proof. This follows at once from (2.7). ✷ Example 3.1 The beta function of the n-dimensional unit sphere is given by (cf. [B, FV] )
where o k is the volume of the unit k-sphere in R k+1 , and B(x, y) is Euler's beta function. It follows that if n is odd then B S n has infinitely many poles at z = −n, −n − 2, −n − 4, . . . , and if n is even then B S n has exactly n/2 poles at z = −n, −n − 2, . . . , −2n + 2.
Hadamard's finite part
Next we compare B M (z) with Hadamard's regularization.
Definition 3.5 For any z ∈ C we define
and call it the regularized z-energy of M .
Equivalently, if z is not a negative integer, and ℜe z > −k − 1 for some k ∈ Z, then
The relation between Hadamard's finite part and regularization by analytic continuation is given next. 
Next we summarize the situation for knots and surfaces.
Proposition 3.7 Let K ⊂ R n be a smooth knot (i.e. closed curve). Then Brylinski's beta function has simple poles at negative odd integers. The residues at z = −1, −3 are
The regularized z-energies for z = −1, −3 are given by
For ℜe z > −5, z = −1, −3, it is
The residues of B K (z) for z = −1, −3, −5 were computed by Brylinsky in [B] (here we took the opportunity to correct the coefficient of R K (−3) given there) for knots in R 3 .
Proposition 3.8 Let M ⊂ R 3 be a smooth closed surface. The beta function B M (z) has simple poles at negative even integers. The residues at z = −2, −4 are
The regularized z-energy for z = −2, −4 is given by
For ℜe z > −6, z = −2, −4, they are
The residues of B M (z) for z = −2, −4, −6 were obtianed by Fuller and Vemuri in [FV] (we corrected the coefficient of R M (−4)). Using their expression for R M (−6) one can extend the previous formulas to ℜe z > −8.
Möbius invariance
Here we study the Möbius invariance of these energies. We first discuss scale-invariance.
Lemma 3.9 Under a homothety x → cx (c > 0), the residues of the beta function behave as follows
Proof. We have the following Taylor series expansions
The conclusion follows from (3.9). ✷ Proposition 3.10 Under a homothety x → cx (c > 0), the regularized z-energy behaves as follows
14)
where R M (z) is the residue at z if B M has a pole there, and R M (z) = 0 otherwise. Hence the regularized z-energy is scale invariant if and only if z = −2m and R M (−2m) vanishes for any M .
Proof. Lemma 3.9 implies
Since lim w→0 (c w − 1)/w = log c, the conclusion follows. ✷
In particular, if M ⊂ R 3 is a surface, then
Hence E M (−4) is not scale invariant unless M is a sphere. This corrects a statement in the conclusion of [FV] . However, if M is a closed submanifold of odd dimension m, then E M (−2m) is scale invariant. In fact it is Möbius invariant as we show next. Proof. Since E M (−2m) is translation and scale invariant, we can suppose 0 ∈ M , and we only need to prove the statement when I is an inversion in the unit sphere. Let M = I(M ),x,ỹ denote the images by I of M, x, y respectively. Since
Hence, for ℜe z > −m, and using (3.6)
The second term vanishes since ρ z converges uniformly to 0 as z → −2m. Since ψ (2m) ρz,x (0) = 0, taking u z as in Lemma 2.1 with k = 2m, we have
Using (2.10) and Proposition 3.1 (ii), we get
Indeed, since ρ z and its derivatives converge uniformly to 0 as z → −2m, the function ψ ρz,x (t) and its derivatives also converge uniformly to 0. ✷ Conjecture 3.12 The regularized energy E M (−2m) is not scale invariant if m = dim M is even; i.e. there exists M such that R M (−2m) = 0 if m is even.
In particular we conjecture that E M (z) is a Möbius invariant only if z = −2m and m = dim M is odd. Note that the case of spheres discussed in Example 3.1 does not help in proving this conjecture. The conjecture holds for surfaces in R 3 by (3.15).
Energy of regular domains
Next, we study the Riesz energies of compact domains with smooth boundary. As before, we regularize when necessary to get a meromorphic function which we call the beta function of the domain. We compute some residues and give some explicit presentations in low dimensions. Finally we prove that Möbius invariant regularized Riesz energies exist in even dimensional spaces.
Riesz energies
Let Ω be a compact body in R n and n x an outer unit normal to Ω at a point x in ∂Ω. For z > −n, we consider
A closely related quantity is
This integral converges for −n − 1 < ℜe z < −n, and is called fractional perimeter especially when z ∈ R (cf. [CRS] ).
Lemma 4.1 For ℜe z > −n and z = −2, the Riesz z-energy can be expressed by a double integral over the boundary:
Similarly, since
With a similar argument one shows that for −n − 1 < ℜe z < −n,
i.e. the right hand side of (4.1) gives −P Ω (z) if −n − 1 < ℜe z < −n and E Ω (z) when ℜe z > −n.
Regularization
In order to extend E Ω (z) to the whole complex plane we follow a similar but not identical procedure as in the case of closed sumbanifolds.
Lemma 4.2 There exists d > 0 such that the function
Proof. Let δ x = 1 if x ∈ Ω and δ x = 0 otherwise. Given x, y ∈ R n \ ∂Ω, it is easy to see that the number of points of intersection between the segment [x, y] and ∂Ω is
where χ denotes the Euler characteristic; i.e. the number of connected components. It follows that
where λ(x, y) = δ x − δ y . Therefore,
We compute the latter integral termwise. With a similar procedure as in the proof of [OS, Proposition 3.12] , it is easy to use Blaschke's principal kinematic formula to show
The right hand sides of these two equations are clearly smooth on t. To compute the remaining part of (4.6) we proceed similarly as in the proof of [OS, Proposition 3.13] . Let L denote the space of oriented lines in R n , and dℓ the rigid motion invariant measure in this space, suitably normalized. We describe each pair x, y by the line ℓ through them and two arc-length parameters r, s. Then, by the Blaschke-Petkantshin formulas,
where ℓ is oriented so that s > r. For p ∈ ℓ ∩ ∂Ω we denote by σ(p) the sign of the intersection (i.e. σ(p) = 1 if ℓ enters Ω at p and σ(p) = −1 otherwise.) It is easy to see (cf. [OS, (21) 
where the sum runs over all ordered pairs of distinct points. Hence
By the results of [P, Section 2] , for any measurable function f on R n × R n ,
] are the angles between ∂Ω and the oriented line through x, y. Hence
It is not difficult to see that sin θ x sin θ y is a smooth function on ∂Ω × ∂Ω. By the remark after Proposition 3.1, the right hand side of (4.7) is smooth in some interval [0, d] . The last part of the statement follows since (4.7) is O(t n+3 ). ✷ Given any z ∈ C, by the coarea formula, one shows as in Proposition 3.3,
Definition 4.3 For any z ∈ C, the regularized z-energy of a domain Ω ⊂ R n with smooth boundary is
where k ∈ N is such that ℜe z > −k − 1, and ε 0 /0 is to be replaced by log ε in case z ∈ Z, z < 0.
As before, there is a meromorphic function B Ω (z) which coincides with E Ω (z) away from its poles, which are located at the negative integers z = −k such that ψ (k+1) Ω (0) = 0. We call B Ω the beta function of Ω. As before
if −k is a pole of B Ω . Furthermore, the coefficients in (4.8) coincide with the residues of B Ω (z). Indeed, by (2.7),
In order to compute these residues, the following alternative approach, based on (4.1), will be useful. Let ρ ∈ C ∞ (∂Ω × ∂Ω) be given by ρ(x, y) = n x , n y . For z = −n, −2
Indeed, for ℜe z > −n this is (4.1). For z not a negative integer, the equality follows by analytic continuation. Finally, for z ∈ Z, z < 0, it follows from (4.9). Note also that B Ω (z) = −P Ω (z) for −n − 1 < ℜe z < −n, so the beta function is the analytic continuation of both the Riesz energy and minus the fractional perimeter.
Another consequence of (4.11), combined with Proposition 3.1 (ii), is the following:
Proposition 4.4 The beta function B Ω (z) can have poles only at z = −n and z = −n − 2j − 1 with j ∈ Z, j ≥ 0.
Residues
Next we compute the residues of the beta function, and we derive some explicit presentations of E Ω (z) in low dimensions.
Lemma 4.5 For n > 2, the pole of B Ω (z) at z = −n is simple and has residue
where o k is the volume of the unit k-sphere in R k+1 . For n = 2 this pole is simple with residue
Proof. We only prove the first equality in (4.13). The rest follows at once from (4.10) and (4.5). Since ∂Ω n x , n y dy vanishes, we have
by dominated convergence (as log |y − x| is integrable on ∂Ω × ∂Ω). ✷ By (4.11), the other residues are given by
Proposition 4.6 Let Ω ⊂ R n be a compact domain bounded by a smooth hypersurface ∂Ω. Given x ∈ ∂Ω, let ρ(y) = n x , n y . Then 15) where H = 1 n−1 i k i is the mean curvature, K = i<j k i k j is the scalar curvature, and k 1 , . . . , k n are the principal curvatures of ∂Ω. Hence
(4.16)
Proof. We can choose orthogonal coordinates (v 1 , . . . , v n ) so that x is the origin and M coincides locally with the graph of a smooth function g(v 1 , . . . , v n−1 ). Using polar coordinates (r, u) ∈ R ≥0 × S n−2 in the domain of g, we parametrize the points y ∈ M around x by
On the other hand, the distance between x and y is given by
Then, it follows that r = r(t, u) can be expanded in a series of t as r = t 1 − 1 8 k n (u) 2 t 2 + O(t 3 ) (4.17)
Now, using (t, u) as coordinates instead of (r, u), the area element of the plane {v n = 0} can be expressed as r n−2 drdu = t n−2 1 − 1 8
Therefore ψ ρ,x (ε) = ∂Ω∩Bε(x) n x , n y dy
By Lemma 3.1 we know that ψ ρ,x extends to an even (resp. odd) function when n − 1 is even (resp. odd), so the latter O(t n+2 ) is in fact O(t n+3 ).
Finally, using e.g. [G, Formula (A.5 where V k denotes k-dimensional volume, and H, K are the mean and scalar curvatures of ∂Ω.
The previous formulas allow to describe explicitly the z-energy for ℜe z > −n − 5 in dimensions n = 2, 3, 4 using (4.8) and (4.10). Next we carry this out for z = −2n.
Corollary 4.8 Let Ω ⊂ R n be a compact domain with smooth boundary.
(1) For n = 2, the regularized (−4)-energy is only to show that E Ω (−2n) = E I(Ω) (−2n) if n is even, I is an inversion with respect to the unit sphere, and Ω is a compact domain in R n with smooth boundary that does not contain the origin.
Put Ω = I(Ω). By Lemma 4.1, and proceeding as in the proof of Proposition 3.11, one gets for ℜe z > −n, z = −2
where ρ z (x, y) = − n x , n y (z + 2)(z + n)
The rest of the proof goes parallel to that of Proposition 3.11. ✷
